Recent observations of Type Ia supernovae (SNe Ia) have shown diversified properties of the explosion strength, light curves and chemical composition. To investigate possible origins of such diversities in SNe Ia, we have presented multi-dimensional hydrodynamical study of explosions and associated nucleosynthesis in the near Chandrasekhar mass carbon-oxygen (CO) white dwarfs (WDs) for wide parameters (Leung and Nomoto 2018 ApJ). In the present paper, we extend our wide parameter survey of models to the explosions of sub-Chandrasekhar mass CO WDs. We take the double detonation model for the explosion mechanism. The model parameters of the survey include metallicity of Z = 0 − 5 Z ⊙ , the mass of the CO WD progenitor of M = 0.90 − 1.20 M ⊙ , the He envelope mass of M He = 0.05 − 0.20 M ⊙ . We also study how the initial He detonation configuration affects the triggering of the C detonation. For these parameters, we first derive the minimum He envelope mass necessary to trigger the C detonation. We then examine how the explosion dynamics and associated nucleosynthesis depend on these parameters, and compare our results with the previous representative models. We compare our nucleosynthesis yields with the unusual abundance patterns of Fe-peak elements and isotopes observed in SNe Ia 2011fe, 2012cg, 2014J, and SN Ia remnant 3C 397 to provide constraints on their progenitors and environments. We provide the nucleosynthesis yields table of the sub-Chandrasekhar mass explosions, to discuss their roles in the galactic chemical evolution and archaeology.
1. INTRODUCTION
Type-Ia Supernovae Physics
Type Ia supernovae (SNe Ia) are known to have almost homogenized light curves and spectra, thus being used as a standard candle for studying the cosmic acceleration that led to the discovery of dark energy (e.g., Branch & Wheeler 2017) .
The basic properites of SNe Ia have been well-modeled as the explosions of CO white dwarfs (WDs) which have both near-Chandrasekhar mass and sub-Chandrasekhar mass (e.g., Hillebrandt & Niemeyer 2000) . However, it is still controversial which mass (near-Chandra vs. subChandra) of the WD is the actual progenitor. For the pre-explosion in the close binary evolution, both the single degenerate (SD) scenario and the double degenerate (DD) scenario have been discussed, but the actual evolutionary path remains unclear (e.g., Nomoto et al. 1997; Maoz et al. 2011) .
Further, recent observations have shown the diversified properties of light curves and spectra of SNe Ia including very peculiar ones (e.g., Li et al. 2001; Taubenberger 2017; Jha 2017; Jiang et al. 2017) . The diversity can be characterized by a wide range of 56 Ni and also differences in the ejecta composition and abundance. To understand this diversity, a wide range of theoretical models become necessary in order to extract the effects of each model parameter to explosion properties and nucleosynthesis yields.
To understand the origin of such diversities, we are conducting modeling of SNe Ia for wide ranges of model and environmental parameters. In Leung & Nomoto (2017) we have studied how the model parameters, including the central density, metallicity, initial flame structure, and C/O ratio affect the explosion properties of near-Chandrasekhar mass WD models. For example, we have demonstrated how some well-observed SNe Ia and SNRs can be explained by tracing the variation of isotopes in the yields with respect to the change of model parameter,
In this paper, we present our parameter survey for the sub-Chandrasekhar mass WD model. The subChandrasekhar mass explosions could occur in both SD and DD scenarios as follows.
Sub-Chandrasekhar Mass Models in the Single
Degenerate Scenario
In the SD scenario, C+O WDs accrete matter from the non-degenerate companion stars, which include slightly evolved main-sequence stars, red-giant stars, He-mainsequece stars, evolved He stars. As a result of H-burning in the H-rich accreted material or a direct accretion of He, the mass of a He layer increses above the C+O core, leading to eventual He ignition (e.g., .
If the accretion rate of He,Ṁ He , is higher than ∼ 10 −8 M ⊙ yr −1 , He burning shell burning makes weak flashes which recur many times to increase the WD mass toward the Chandrasekhar mass (e.g., Nomoto 1982a; Woosley & Kasen 2011 ). For lower rates of 10 −10 M ⊙ yr −1 Ṁ He 10 −8 M ⊙ yr −1 , the compressional heating rate is lower and thus the temperature of the He layer is lower, which causes a delay in the He ignition until the mass of He layer becomes large enough and the density at the bottom of He layer high enough for He burning to grow into detonation. It eventually leads to double detonation (Nomoto 1982b; Woosley et al. 1986) . The double detonation model has been widely studied in 1D and multi-D simulations for varioius model parameters (e.g., Livne 1990; Livne & Glasner 1990 , 1991 Livne & Arnett 1995; Arnett 1996; Fink et al. 2007 Fink et al. , 2010 Sim et al. 2012; Moore et al. 2013; Moll & Woosley 2013; Shen et al. 2018; Polin et al. 2018) .
The important properties of the sub-Chandrasekhar mass progenitors in SD scenairo is that the mass of the He layer exceeds ∼ 0.05M ⊙ to induce a He detonation (e.g., Nomoto 1982b; Woosley et al. 1986 ). This is in contrast to the sub-Chandra models in DD scenario as discussed below.
Sub-Chandrasekhar Mass Models in the Double
In the DD scenario, the detonation near the surface of the primary WD can be triggered during the violent merging of two WDs for suitable binary parameters (e.g., Rasio & Shapiro 1995; Segretain et al. 1997; Guerrero et al. 2004; Yoon et al. 2007; Fryer et al. 2010; Dan et al. 2011; Raskin et al. 2012 Raskin et al. , 2014 Moll et al. 2014; Sato et al. 2015) . However, if there exist no He, the occurrence of the surface C detonation may still depend on the numerical resolution (e.g., Sato et al. 2015; Pakmor 2017 ). Then Pakmor et al. (2013) ; Dan et al. (2015) presented a He ignited double detonation model where the He detonation near the surface is triggered because a certain mass of He rich envelope is assumed to exist on both WDs. In contrast to the double detonation in the SD scenario, the He detonation could be triggered for a smaller mass He envelope because of shock compression induces He ignition.
In the DD model, the collision point can reach sufficiently high temperature for triggering a He detonation. The He detonation can produce a shock wave which propagates through the He envelope and into the CO core. The shock-heating in the C rich matter can induce a central or off-center C detonation. The WD is then disrupted by the C detonation. This model may produce the diversity of the different brightness, delay times, and relative rates of normal and fast declining SNe Ia, depending on the masses of the CO core and the He envelope (e.g., Arnett 1996; Sim et al. 2010; Woosley & Kasen 2011; Pakmor et al. 2013; Shen et al. 2018; Polin et al. 2018 ).
Motivation
In Leung & Nomoto (2017) we have studied how the model parameters, including the central density, metallicity, initial flame structure and C/O mass fraction ratio to the chemical yield of SN Ia evolved from a nearChandrasekhar mass WD. By tracing the variations of isotopes with respect to the change of model parameter, we have demonstrated how some well-observed SNe Ia can be explained by this model. However, the occurrence rate of SNe Ia evolved from sub-Chandrasekhar WD is suggested to be as high as Chandrasekhar mass one by population synthesis. It becomes a question of whether double detonation model can explain SNe Ia similar to the Chandrasekhar mass model, or can even replace Chandrasekhar mass model in certain parameter space.
Furthermore, through the multi-dimensional hydrodynamics simulation, one can draw constraints on how to trigger C detonation by He detonation in the aspherical configuration systematically. This will set constraints on the criteria in triggering C detonation through aspherical He detonation with or without geometrical convergence.
To investigate possible origins of large diversities of SNe Ia, we perform two-dimensional hydrodynamical study of explosions and associated nucleosynthesis in the sub-Chandrasekhar mass CO WDs for wide ranges of parameters. In all simulations we use the the twodimensional hydrodynamics code (Leung et al. 2015a ).
This work is a continuation of our previous work in Leung & Nomoto (2017) . All simulations use the code based on the two-dimensional hydrodynamics code developed for the explosion phase of supernovae (Leung et al. 2015a) , we have studied the dependence of model parameters of SNe Ia using the Chandrasekhar mass models ) and sub-luminous SNe Ia Leung et al. (2015b) .
In we covered the density, metallicity, flame structure and detonation criteria. We have also shown that some of the chemical abundances of some recently observed SNe Ia can be realized by our models. In this article, we want to extend our understanding to SNe Ia with an initial central density ∼ 10 8 g cm −3 . In Section 3 we describe our two-dimensional simulations to study the hydrodynamics of WD with He detonation at the envelope. In Section 4 we describe the benchmark model which is regarded as the representation of typical subChandrasekhar mass SNe Ia. In Section 5 we describe the nucleosynthesis results and its isotopic productions dependence on the model parameters, including the mass, He envelope mass and initial He detonation pattern. In Section 6 we discuss the implications of our models. They include a comparison from models in the literature, cross-comparison with the classical double detonation model with spherical symmetry, and at last its possible influence on galactic chemical evolution. At last we give our conclusion.
METHODS

Input Physics
Here we briefly review the structure of our hydrodynamics code and then we describe the change done to describe the He detonation and the onset of C deflagration or C detonation. We use the same two-dimensional hydrodynamics code as reported in Leung et al. (2015a) for our simulations. The code solves the Euler equations in cylindrical coordinates where the spatial discretization is done by the fifth-order weighted essentially nonoscillatory (WENO) scheme and the time-discretization is done by the five-step third-order non-strong-stability preserving Rung-Kutta scheme. We use the helmholtz subroutine (Timmes & Arnett 1999; Timmes & Swesty 1999) as the baryonic matter equation of state (EOS). This EOS includes the arbitrarily relativistic and degenerate electron gas, ions as a classical ideal gas, Planckian photon gas and electron-positron annihilation pairs. In the hydrodynamics section, we describe the chemical composition by a 7-isotope network, which includes 4 He, 12 C, 16 O, 20 Ne, 24 Mg, 28 Si and 56 Ni. The one-equation model (Niemeyer et al. 1995 ) is used to model the velocity fluctuations in the sub-grid scale due to turbulence. To describe the geometry of the two detonation fronts, we use the individual level-set functions (Osher & Sethian 1988) as used in Reinecke et al. (1999) . The geometry of the fronts are constructed by locating zero-value points in the level-set function, and then the fractional volume in each mesh being burnt by flame or detonation is extracted. The energy from nuclear burning is injected instantaneously to Eulerian grids which have an increase in the area (volume) fractions α in the 2-(3-) dimensional models. To prevent double-counting the energy released by burnt matter, α is set to be a monotonic increasing throughout the simulations. For He detonation, we assume the detonation is in form of Chapman-Jouget detonation, where the detonation propagates in sound speed given by γ 2 (∂p/∂ρ) s , where γ 2 is the adiabatic index, p and ρ are the pressure and density. For CO detonation, we used the same prescription as Sharpe (1999) by the numerical speed of pathological detonation.
Nuclear Reaction Scheme
For the nuclear reactions of He-rich matter, the region swept by the level-set contour is regarded as burning from 4 He to 56 Ni. For CO-rich matter, similar to previous works , we use the threestep burning scheme so as to include more flexible nuclear reactions, especially when there are contributions from shock wave collisions. In this work, we assume this process is instantaneous regardless of the local density. We follow the use of burning timescale as an approximation to burning where density is low. That includes the nuclear quasi-statistical equilibrium (NQSE) timescale and the NSE timescale, given by, respectively (see Calder et al. (2007) ; Townsley et al. (2007) ), τ NQSE = exp(182/T f,9 − 46.1)s,
τ NSE = exp(196/T f,9 − 41.6)s,
where T f,9 = T f /10 9 K is the final temperature of the ash. For a timestep shorter than these two timescales, we assume that a fraction of matter given by linear interpolation with T is burnt. For a timestep longer than those, complete conversion of fuel to ash is assumed. Similar treatment is done for He detonation. We describe more details in Appendix A.
To determine whether a detonation wave can start, we follow the scheme in Fink et al. (2007) . For an Eulerian grid of CO matter, when the temperature exceeds the threshold temperature as a function of density (see Table 1 and 2 in Fink et al. (2007) ), a bubble or ring of hot ashes (i.e., NSE matter from CO and 56 Ni from He) is set artificially around that grid of 1.5 times the grid size. At densities between 2 × 10 7 and 10 9 g cm −3 , the detonation propagates in forms of pathological detonation, where there exists some places behind the shock front that the matter has a frozen sound speed (Sharpe 1999) . The propagation velocity is obtained by solving the detonation structure explicitly. To prevent doublecounting in the burnt material due to numerical diffusion, once a grid reached NSE, it is forbidden to carry out 16 O and 24 Mg burning in the second burning step. In the NSE state, the final composition is changed by solving iteratively in such a way that the change in the internal energy equals to the change in the binding energy up to the required precision. Matter in the NSE state is also allowed to carry out electron capture. The electron capture rate is obtained by interpolating the pre-computed rate table with the prescription described in Seitenzahl et al. (2010) .
MODEL DESCRIPTIONS
In this section we first describe the arrays of models we have performed for the SNe Ia using the subChandrasekhar mass WD. Then we describe the explosion thermodynamics for each class of explosion.
In Tables 1 and 2 we tabulate the models studied for the double detonation model. In all models, the initial WD consists of a CO core and a He envelope. We regard the total WD mass M , the He envelope mass M He , the initial metallicity Z, and the position of the He detonation seeds. also input parameters. The initial WD is assumed to be isothermal at a temperature of 10 Shen et al. (2018) , the 22 Ne mass fraction X( 22 Ne) scales as Z = 1.1X( 22 Ne). A more precise matching between the abundances from the stellar evolution models and the hydrodynamics simulations will require a more detailed isotope network.
It is shown that the actual C/O ratio can be sensitive to M and Z (Umeda et al. 1999) . We remark that a direct extension for different C/O ratio is not straightforward since it requires first a quantitative study of the trigger condition of C-detonation as a function of density for the corresponding composition.
To start the He detonation, we place a spherical detonation seed along the rotation symmetry axis. Due to resolution limit, the initial detonation seed is about three grid large in radius. The position of the seed is regarded as an input parameter of the model, which ranges from 30 km to 300 km. The detonation seed consists of hot ashes of 56 Ni. We notice that starting the explosion near the boundary may not be ideal in the two-dimensional models due to the possibility of enhancing nuclear burning along the symmetry boundary. But for our case, since the detonation propagates much faster than typical fluid velocity. The hydrodynamical instabilities, especially Rayleigh-Taylor instability, do not have adequate time to grow before the fuel is swept by the detonation wave. So the boundary effect is much less significant compared to the same structure in the turbulent deflagration scenario. In constructing the initial model, we choose models with a total mass from M = 0.9 -1.2 M ⊙ and M He = 0.05 to 0.35 M ⊙ .
First we describe how these models are named and how they are chosen. Each model is named by their parameters, including M , M He , Z, and the initial position of the detonation bubble (sphere). For example, Model 105-050-2-50 stands for a WD with M = 1.05 M ⊙ , M He = 0.05M ⊙ , Z = 0.02 and the initial He detonation triggered at 50 km above the core-envelope interface. The endings "-S50" and "-B50" stand for different initial He detonations. The term "S50" stands for a spherical detonation triggered at 50 km above the He/CO interface and "B50" stands for a belt (ring) around the "equator" of the WD. "R50" stands for a bubble triggered at 50 km above the He/CO interface. For "2R50" or "3R50" we put two or three "bubbles" (a combination of toruses and bubble) in the He-envelope. Note that with the rotation and reflection symmetry, a bubble in the two-dimensional plane corresponds to a "ring" if the bubble is away from rotation-axis, in its three-dimensional projection. He envelope mass M He : In Groups D, E, F and G the effects of He envelope mass M He . Each group includes models of the same mass from 0.9 -1.2 M ⊙ in a 0.1 M ⊙ interval, but with different M He from 0.05 -0.2 M ⊙ . In all models, solar metallicity is assumed. Metallicity Z: In Groups H, I and J we study the effects of metallicity to the explosive nucleosynthesis. Each group consists of models of the same M , M He and detonation configuration. Models vary by their metallicity from 0 to 5 Z ⊙ . We choose this large metallicity because in we have already shown that such high metallicity model can be a clue to explain the observe SN remnants. For Groups H and I we pick these models because they are the benchmark models of our sub-Chandrasekhar mass SN Ia models. Initial detonation geometry: In Groups K and L we study the effects of initial He detonation geometry. All models have the same M , M He and at the solar metallicity. Group K consists of models with the detonation seed at different positions. Group L consists of models with different detonation geometry. It spans from different number of detonation "bubbles" (in two-dimensional model the bubble is a ring in the three-dimensional projection), to those with a higher symmetry, such as spherical detonation. 56 Ni in units of M⊙. R, R seed and R det are the radii of the initial WD model, the distance of the initial detonation seed from the He/CO interface and the radius where the second detonation is started, in unit of km. t det is the time when the second detonation is triggered. ρc and ρ det are the initial central density and the density at which the second detonation is triggered, in units of 10 7 g cm −3 . The category "Type" classifies the final results into five types. "N" stands for no second detonation induced. "Y" stands for the second detonation which starts at location closer to the z-axis (the rotation symmtery axis). "X" stands for the second detonation which starts at a location closer to the r-axis (the symmetry plane axis). "D" stands for the second detonation which starts at somewhere between "Y" and "X" and "S" stands for the central detonation. Initial mass M WD : Groups A, B, C and M tudy the effects of progenitor mass on nucleosynthesis. For initial detonation with higher symmetry ("-S50" and "-B50" series), the lower He envelope mass 0.05M ⊙ is used while for that with lower symmetry, the He envelope mass is fixed to be M He = 0.10 and 0.15 M ⊙ . Metallicity is fixed at the solar metallicity. The progenitor varies from 0.9 -1.2 M ⊙ .
Group
Detonation Trigger
In the last column we classify the trigger mechanisms into four types. In all simulation groups (from Group C to M except Group L), all He detonations are started by placing an detonation spot at the radius 50 km along the rotation-axis. This mimics a single hot spot that induces thermonuclear runaway in the form of a bubble. In general, the detonation propagates along the He envelope without penetrating into the CO core. Depending on M He and the interface density, different detonation types are observed.
3.1.1. Type "N" Type "N" (no detonation) stands for no second detonation occurring. Type "N" can be found in models with a thin He envelope, the shock wave sent by the He detonation is not strong enough to compress the matter at both the center and the surface of the CO core. The CO core has a temperature always below the threshold temperature.
Type "D"
Type "D" (diagonal) stands for that the detonation first appears along elsewhere other than the symmetry axis. Type "D" occurs for models with high progenitor masses. In these cases, the typical density of interface can be as high as ∼ 10 7 g cm −3 . In Figure 1 we plot the temperature and explosion geometry for the Model 110-150-2-50. When the detonation reaches the interface, the temperature of the CO matter can easily reach the critical temperature to start the CO detonation.
The temperature can reach 3 × 10 9 K where the shock penetrates. Notice that even the temperature in other detonated part can reach ∼ 2 × 10 9 K. The propagation is along the iso-density contour, where there is almost no heating in the radial direction. This makes no heating in the CO material. Therefore, while the He detonation is still burning the matter in envelope, the second detonation is already triggered.
3.1.3. Type "X" Types "Y" and "X" stand for the detonation which is first started along the rotation axis (in x-y plane the y-axis) and symmetry axis (in x-y plane the x-axis).
Type "X" occurs when Type "D" cannot be started. This applies to models with lower M . Notice that in our simulations, a quarter of the star is simulated. When the detonation propagates, its burning rate increases due to the ring-shape structure, which has a local volume proportional to r. When the detonation approaches the symmetry-axis, the high velocity flow creates a strong compression of the remaining fuel. By symmetry, part of the fuel is compressed towards the core. This heats up the near-interface material and provides the required temperature for the first spot. Figure 2 shows a typical "X"-type detonation for Model 110-100-2-50. The second detonation is triggered at the r-axis, where the detonation wave compresses materials. The temperature due to the compression at the r-axis can be higher than the temperature rise in other regions due to detonation heating. As an example, the actual temperature can reach 3 × 10 9 K near the r-axis compared to other region which is ∼ 2 × 10 9 K. We remark that this shock heating is not related to the geometric convergence. Here, the detonation wave approaches the symmetry boundary, e.g. two laminar detonation waves approaching each other (the collision site along the equator is locally flat).
Type "Y"
In Figure 3 we demonstrate the "Y"-Type detonation by using Model 110-100-2-2R50 as an example. Type "Y" occurs when both Type "X" and Type "D" cannot be triggered beforehand. After the He shell is fully burnt, the first converging shock is not strong enough to detonate CO matter near interface. Instead, the mild shock continue to travel along the density-contour in the envelope. Due to the geometric factor, the flow creates another converging shock when the shock front returns to the rotation axis, which again provides the first hot spot for the C detonation.
3.1.5. Type "S" Type "S" can be found in models with detonation seeds which have spherical symmetry, while the He envelope is not massive enough to lit the near-interface C. The converging shock creates the hot spot at the center, where the geometric influence is the strongest.
In Figure 4 we plot Model 110-005-2-S50. In contrast to the other 3 cases, the spherical detonation allows the envelope to be burnt much faster. In the plot, the He shell has expanded and cools down mostly, leaving almost a mild trace in the temperature distribution. On the contrary, the center, where the C detonation starts, can reach as high as 6 × 10 9 K, sufficiently high for the burnt matter to reach NSE.
Thermodynamics
In Figure 5 we plot the maximum temperature against time for the four models presented. The letters in the figure correspond to the threshold temperature where the C detonation is triggered. The temperature needed to trigger the C detonation is the global maximum temperature in the simulations for Type "S", "X", "Y" detonations but not for Type "D" detonation. This means that for non-spherical trigger, the hot matter cannot penetrate into the interface even it is much hotter than that. Therefore, even when the global peak temperature is well above the critical temperature, the CO matter is still cold compared to the He ash.
Another feature is that in most cases, when the C detonation approaches the center, nuclear burning, despite at its low density, can be enhanced when the convergence effect is strong. The peak temperature, albeit contributing to an extremely small amount of mass (∼ 10 −8−11 M ⊙ ), can reach above 10 10 K. One feature in "Y"-Type detonation does not appear in other types of detonation, namely the multi-peaks prior to detonation. This reflects the shock interaction from multiple detonations. For example, they correspond to the first collision of He detonations, the arrival of the reflected shock on the r-axis and the z-axis respectively.
Below, we discuss the hydrodynamics behaviour of these models.
Effects of He envelope mass
In Groups D, E, F and M we cover the effects of M He for different progenitor masses from 0.9 -1.2 M ⊙ . Some common trends can be seen in these series. At low M He , no second detonation can be triggered. By increasing M He , the second detonation can be triggered by "Y"-Type, "X"-Type and then "D"-Type in ascending M He . The created 56 Ni increases with M He . The explosion energy follows the same trend. Due to the change of detonation channel, the detonation trigger time becomes earlier for a higher M He .
Effects of metallicity
In Groups H, I and J we cover the effects of Z for three different models. The latter two are the benchmark models decided by its M Ni at solar metallicity. We can see that metallicity has a very mild influence on the explosion energy and final energy. The detonation position, its channel and its trigger time are insensitive to Z. The major difference can be seen from the the 56 Ni mass, which drops when Z increases.
Effects of detonation pattern
In Groupd K and L we explore the effects of the detonation pattern, determined by its initial He detonation spot and its geometry. Again, all models share the same M , M He and Z. The initial He detonation spot has almost no impact ton the explosion energetic and explosion properties. The Ni-production is also insensitive to the change of detonation spot position. On the other hand, the choices of detonation geometry is very influencing to the explosion properties. Some models (Models 105-050-2-50 and 105-050-2-3R50) cannot C detonation spontaneously while some (Models 105-050-2-S50 and 105-050-2-2R50) have. This reflects that the symmetry of the initial shock and how the detonation waves collide with each other determine the final fate of the WD. The resultant M Ni can vary from ∼ 10 −2 M ⊙ in a failed detonation to ∼ 0.5 M ⊙ in a successful detonation.
Effects of initial mass
In Group J we explore the effects of M on the explosion energetic. Compared to the near-Chandrasekhar mass WD studied in , the mass range for sub-Chandrasekhar mass is much wider (from 0.9 to 1.2 M ⊙ ). We do not explore mass below 0.9 M ⊙ since the central density of these models is below 10
, where the incomplete burning dominates. We also do not extend the upper bound to 1.3 M ⊙ since it is unclear, if there is nuclear runaway, whether the explosion is carried out as deflagration or detonation (Nomoto 1982a) . We can see that when M increases, some effects are similar as increasing M He . The explosion energy increases. Also, the explosion time becomes earlier with its position being closer to the core. The detonation channel also changes from Type "Y" to Type "X" and then Type "D".
BENCHMARK MODELS
In this section, we study in details some models which behave most similar to a standard Type Ia supernova, determined by their 56 Ni production, which should be about 0.6 M ⊙ as observed in the majority of normal SNe Ia. Since there is a degeneracy in the models to produce this feature, we pick the one with the lowest amount of M He .. We selected Models 110-100-2-50, 100-050-2-S50 and 110-050-2-B50. Both of them have a healthy explosion of 56 Ni mass ∼ 0.6 M ⊙ . Since, for sub-Chandrasekhar mass WD, we do not impose the constraints of Mn and Ni as what we have done in , so there exists a degeneracy of models that satisfy this constraints. As a result, from each detonation trigger, we choose one model with M Ni = 0.6M ⊙ . They include Models 110-100-2-50, 105-050-2-B50 and 100-050-2-S50.
Energy evolution
In Figure 6 we plot the time evolution of the total energy, kinetic energy, internal energy and gravitational energy for the benchmark models.
Here we give an analysis on the energy evolution of only Model 110-100-2-50. The other two benchmark models have similar evolution as this one, except at different detonation triggers and different He detonation convergence effects.
Before 0.9 s, there is only He detonation. The energy release ∼ 1 × 10 50 erg is insufficient to unbound the star due to the small amount of He and its low density. There is almost no change in the gravitational energy and kinetic energy. Almost all the energy change is reflected in the change of internal energy, showing that the He detonation does not influence the global dynamics. From 0.9 to 1.6 s C detonation takes place. The total energy sharply increases by 10 51 erg at ∼ 1.3 s, showing that the C detonation is rapidly turning the CO fuel into ash. At the same time, the internal energy, gravitational energy and kinetic energy increase. This means the C detonation is strong enough to heat up the WD, and causes the subsequent expansion. Beyond 1.6 s, the total energy remains a constant, signifying the end of both He and C detonations. Simultaneously, the internal energy drops while internal energy and gravitational energy increase and reach their equilibrium value at ∼ 2 s. This corresponds to the phase that the thermalized ash is quickly expanding to accelerate the matter outwards until homologous expansion is developed. In Figure 7 we plot the luminosity of the three benchmark models. Again, we analyse the evolution of Model 110-100-2-50 since the other two have qualitatively a similar pattern except at different He detonation trigger time and corresponding energy production.
Luminosity evolution
Before 0.9 s, the total luminosity and the He detonation overlap with each other. This means most energy is produced directly from detonation where NQSE and NSE do not actively contribute to the energy evolution.
There is a peak at 0.9, which is the moment where the He detonation reaches the symmetry axis. The compression causes a sudden jump in the density and temperature, which allows He burning to proceed much more efficiently. After that the He detonation ceases as there is not any pure He left but only partially burnt He in the ash. At t = 0.9 s, the C burning takes place to the major nuclear reactions. But there is no advanced burning, showing that the detonation is still incinerating material in the low density region. At t = 1.5 s, the advanced burning exceeds the C detonation to become the major energy production channel. This shows that the detonation has finally reaches the center, which is dense and hot enough to carry out silicon burning up to NSE. Around 1.5 s, the C detonation begins to cease. Also, beyond 1.6 s, all matter becomes too cold or of too low density for further exothermic nuclear reactions to occur.
Chemical abundance
We use the tracer particle scheme to reconstruct the detailed nucleosynthesis. The massless tracers are advected by the fluid motion, but have no effect on the fluid. They record the local density and temperature accordingly. Here we examine the typical chemical abundances of the three benchmark models presented in previous parts.
In Figure 8 we plot the final chemical abundance of the three benchmark models mentioned above. [X i /
56 Fe] is defined as log 10 (X i /X( 56 Fe)) − log 10 (X i /X( 56 Fe)) ⊙ . For Model 110-100-2-50, the IMEs up to 40 Ca are underproduced. Starting from Ti, the production becomes similar to the solar abundance, where some of which are even overproduced, including 48 Ti, 51 V and 52 Cr. They are from 3 to 6 times higher than the observed solar values. Most Fe and Ni isotopes are very close to the solar values. Isotopes beyond Ni are underproduced. The pattern for Ni where 60 Ni and 62 Ni are more abundant can be observed. Also, as expected, 55 Mn, which comes mostly from the low electron fraction matter, is underproduced.
For Model 110-050-2-B50, the nucleosynthesis pattern is very similar to the previous model. There are minor variations such as the much lower 50 V, and no trace of 54 Cr. This is because there is no shock convergence by the C detonation in the core due to the propagation direction. The effects of hot spot become less significant in this benchmark model.
For Model 100-050-2-S50, the nucleosynthesis pattern is very different from the previous two models. Due to the imposed He detonation symmetry, much lower amount of He envelope mass is needed to trigger the C detonation. As a result, the resultant chemical pattern, related to He burning, is highly suppressed. A major drop of the abundances in 47−48 Ti, 51 V, and 52 Cr becomes solar or even sub-solar. Other abundances, which are basically the C detonation product, remain the same as the two other models. [Xi/ 56 Fe] is defined as log 10 (Xi/X( 56 Fe)) − log 10 (Xi/X( 56 Fe))⊙.
Ejecta Composition
In Figures 9 we plot the velocity distribution of some representative isotopes for the bencnmark Models 110-100-2-50, 110-050-2-B50 and 100-050-2-S50 in the left, middle and right panels respectively. We extract the chemical abundances and velocities of the tracer particles. Figure 9 . The mass fraction against velocity of the final abundance before the decay of short-live isotopes for the benchmark models 110-100-2-50 (upper panel), 105-100-2-B50 (middle panel) and 100-050-2-S50 (lower panel).
In Model 110-100-2-50, this benchmark model possesss both the typical sub-Chandrasekhar mass SN Ia ejecta profile with asymmetric effects. Here, we refer to e.g. Shigeyama et al. (1992) . They correspond to the products from the incomplete C burning. These features are common to all three benchmark models presented here.
In Model 110-100-2-50 and 110-050-2-B50, we can see a mild rise of 52 Fe near the surface. Also, 54 Fe remains to maintain a few percent mass fraction even to the outermost ejecta. They come from He burning, especially when there is shock convergence or detonation wave collision. The further compressional heating with this hydrodynamical origin can enhance the formation of these isotopes. On the other hand, we see a clear cut of 54 Fe inside the outermost ejecta of Model 100-050-2-S50 and 52 Fe has a clear falling trend when v > 13000 km s −1 . Major differences appear in the innermost part of the ejecta because of the C detonation convergence. As discussed in previous sections, the further C detonation induced geometric convergence can create hot spot which allows the matter to be heated up to a temperature above it can normally reach through simple detonation. In that sense, this allows a small part of matter to undergo complete burning and even electron capture. This property can be found in Model 110-100-2-50. We can see that at the innermost part of the ejecta, neutronrich isotope including 54 Fe and 56 Fe are produced. Some 55 Co can be even produced. Notice that these features are usually found in the Chandrasekhar mass model (See e.g. Nomoto (1984) ; Iwamoto et al. (1999) for the detailed ejecta profile of some classical models). This demonstrates that the asphericity of the He detonation and hence the C detonation can be reflected by the lowvelocity ejecta.
Thermodynamics
In Figure 10 we plot the ρ max against T max for the benchmark model obtained from the tracer particles. Notice that the initial central density of this model is ∼ 6 × 10 7 g cm −3 . Due to the shock wave compression, which is further enhanced by the geometric convergence as well as shock wave collision, the matter can reach a maximum density as high as 3 × 10 8 g cm −3 . Together with the rise of the density, the temperature can rise as high as 7 × 10 9 K. Certain particles which are directly under shock interaction, can reach a maximum density 5 × 10 8 g cm −3 with a maximum temperature of 9 × 10 9 K. This can compared with Figure 12 in . In that figure, the tracer particles show a uniform ρ max against T max for the particles inside deflagration zones and a spread of T max in the detonation zone. Our model here shows a similar be- haviour for the detonation, except the effects are more pronounced because of the inward motion during the shock propagation. At last in Figure 11 we plot also the final Y e of the tracer particles against T max . We can see three groups of particles. The first group is the particle from the He envelope. It has a uniform final Y e = 0.5 which has a density from 10 6−8 g cm −3 . This shows that the He envelope has in general low density where electron capture processes are inefficient. The second group is the 10 6 − 5 × 10 8 g cm −3 . This corresponds to the tracer particles experiencing single pass of detonation wave. The final Y e shows a mildly decreasing function as ρ max , which suggests that electron capture becomes important at near 10 8 g cm −3 . The third group of particles are those with Y e from 0.47 -0.495 with a ρ max from 5−10× 10 8 g cm −3 . This corresponds to tracer particles which are excited by shock compression. There are much fewer particles of this types since it occurs to the particles very close to the symmetry boundary or lying inside the collision site of C detonation shock. Again, this figure can be compared with Figure 12 in . In that figure, the distribution of particles is more uniform there exists a one-one correspondence for a given ρ max to final Y e . In this work, this correspondence is broken down because of the He envelope. Also, the pronounced shock interactions provide a wider diversity to the thermodynamics history in the tracer particles.
NUCLEOSYNTHESIS RESULTS
To calibrate the nucleosynthesis yield, we use the postprocess scheme as described in Travaglio et al. (2004) ; Seitenzahl et al. (2010) . In the hydrodynamics simulations we place massless particles which record the thermodynamics history of the local density and tempera- ture of the Eulerian grid. The density and temperature evolutions, together with the initial chemical composition depending on its initial position, are sent to the nuclear reaction network to calculate the chemical abundance of the corresponding model. Similar to previous works, we use the nuclear reaction network as developed in Timmes (1999) . It includes a network of 495 isotopes ranging from 1 H to 91 Tc. The nuclear reaction rates are updated by the values provided in Rauscher & Thielemann (2000) . We include the electron screening factor has described in Kitamura (2000) and the corresponding free energy for the calculation of NSE as described in Seitenzahl et al. (2010) . We have also updated electron capture rate table by including the rate table from Nabi & Klapdor-Kleingrothaus (1999 . We use this rate table when there is no rate given in the original version of the nuclear reaction network, although we remark that the electron capture and its related weak interaction processes are of less importance due to the typically lower density than the nearChandrasekhar mass explosion model.
Effects of WD Mass
One-Bubble Configuration
In Figure 12 we plot [X i /
56 Fe] for the isotopes from Models 105-100-2-50, 110-100-2-50, 115-100-2-50 and 120-100-2-50. The isotopes are obtained from the nucleosynthesis by the post-processing as described above, but after all short-live isotopes decayed. These models in this figure have the same setting but different total masses. As a result, the mass of the CO fuel increases when the total mass increases. By increasing the mass, there is a systematic decrease in [X i /
56 Fe]. This is because when the mass increases, the produced 56 Ni increases as shown in Table 1 . The final 56 Fe yield thus increases. For IME, there is a drop from Mg to Ca by a factor of ∼ O(1). Similar effects are observed in Fe-peak isotopes. This shows that when the mass increases, the extra matter is mostly contributed to the production of 56 Fe. Therefore, the qualitative features of the mass fraction remain.
Nevertheless, even for the massive progenitor like Model 115-100-2-50, the over-production of 45 Ti cannot be resolved as they are mostly produced in the He envelope. Some of the isotopes, such as 51 V, 52 Cr and 70 Zn, become comparable to the solar abundance when M = 1.15 M ⊙ . However, compared to the Chandrasekhar mass SN Ia, none of the isotopes shows a drastic boost when M increases. This can be compared to the Chandrasekhar mass WD scenario, by increasing the mass from 1.30 to 1.37 M ⊙ , some of the isotopes, such as 54 Cr and 60 Fe, can be drastically enhanced. One reason is that the density related to the sub-Chandrasekhar mass model is low that the electron capture does not play an important role in most parts of the star. The major changes comes from the increment of 56 Ni, which systematically lower all mass fraction ratios of all isotopes.
One-Ring Configuration
In Figure 13 we plot similar to Figure 12 but for Models 090-050-2-B50, 095-050-2-B50, 100-050-2-B50 and 110-050-2-B50 respectively. These models correspond to the series of models of the same M He but at different masses, each with the same initial He detonation by a He ring. Due to the detonation symmetry which may trigger the second detonation with a lower He mass, the effects of the He incomplete burning products, such as Ti, V and Cr become better fit to the solar abundance. The qualitative trends for an increasing mass can still be observed.
At lower mass, the lower production of 56 Ni causes an strong overproduction of elements like Si, S. Ti and V are overproduced but this feature is suppressed at Model 090-050-2-B50. As mass increases, the relative productions of intermediate mass elements drop. This includes Si, S, Ar and Ca. Relative productions of Ti, V and Cr also decrease when the mass increases, but they remain saturated around the solar values. Fe and Ni are overall insensitive to the mass change.
Spherical Configuration
In Figure 14 we plot similar to Figure 12 but for Models 090-050-2-S50, 095-050-2-S50, 100-050-2-S50 and 110-050-2-S50 respectively, using the spherical He detonation as the initial trigger. Again, the higher He detonation symmetry allows triggering the second detonation at a lower He envelope. The overproduction of In Figure 15 we plot similar to Figure 12 but for Models 110-075-2-50, 110-100-2-50, 110-125-2-50 and 110-150-2-50. This series of model have also the same configurations except for the He envelope mass. Notice that among these models, Model 110-150-2-50 has a different detonation mechanism as it has "D"-Type detonation instead "X"-Type detonation. By increasing M He , the IME mass fractions reduce. However, by comparing Models 110-125-2-50 and 110-150-2-50, the IME mass fractions increase. This is because the "Y"-Type detonation allows an earlier detonation, which ensures that the low density matter is well detonated before it expands and the density becomes too low for nuclear reaction. For Fe-peak elements, clear trends can be seen in elements like Ti, Cr and V. Again a decreasing trend is observed when M He increases but there is not much difference in Fe and Ni.
One-Ring Configuration
In Figure 16 we plot similar to Figure 15 but for Models 100-050-2-B50, 100-100-2-B50, 110-050-2-B50 and 110-100-2-B50, where all models share the same initial masses M = 1.00 and 1.10 M ⊙ and He detonation configuration. Different He envelope masses are used. We remind that Model 110-050-2-B50 is the benchmark model and we choose a progenitor mass for comparison to extract the effects of M He at different mass.
For 
Spherical Configuration
In Figure 17 we plot similar to Figure 15 but for the Models 090-050-2-S50, 090-100-2-S50, 100-050-2-S50 and 100-100-2-S50. The models consist of initial masses of 1.00 and 1.10 M ⊙ . All models assume a spherical He detonation as the initial trigger. Again we remind that Model 100-050-2-S50 is the benchmark model of this work.
For the spherical model, due to its stronger explosion, a lower mass model is used for the benchmark model. So compared to the one-ring structure, the effects of He envelope is larger. In Figure 18 we plot [X i /
56 Fe] of stable isotopes after all short life radioactive isotopes have decayed for Models 110-100-0-50, 110-100-2-50, 110-100-6-50 and 110-100-10-50. Similar to Type Ia supernovae , metallicity is important to the production of isotopes with a neutron-proton ratio close to the unity. Also, the presence of 22 Ne slightly lower the energy release of C detonation. We can observe a boost of intermediate mass isotopes including 30 Si, 34 S, 38 Ar, 42 Ca. The boost factor can be as large as beyond two orders of magnitude when the metallicity increases from 0 to 5 Z ⊙ . For Fe-peak elements, we also observe a boost in the production 46 Ti, 50 Cr 54 Fe, 55 Mn, 58 Ni. The boost can range from ten to hundred when contrasting the Models 110-100-0-50 and 110-100-10-50. In Table 36 In Figure 19 we plot similar to Figure 18 but for the Models 110-050-0-B50, 110-050-2-B50, 110-050-6-B50 and 110-050-10-B50. This series of models focus on the effects of metallicity for the same progenitor mass M = 1.1 M ⊙ , He mass at 0.05 M ⊙ and with the same He detonation trigger.
The general trends of isotopes on metallicity is similar to the one-bubble case. There is no significant change for the α-chain isotopes such as 
In Figure 20 we plot similar to Figure 18 but for Models 110-050-0-S50, 110-050-2-S50, 110-050-6-S50 and 110-050-10-S50. Again, the models here share the same initial progenitor mass at 1.10 M ⊙ , He mass at 0.05 M ⊙ and an initial spherical He detonation. The overall pattern remains compatible with the single one-bubble case.
The Ni for Fe-peak isotopes. The variations of isotopes against metallicity are similar to the previous two cases. This shows that the metallicity dependence is not sensitive to the explosion energetics.
Effects of He Detonation Structure
Here, we analyse the final chemical abundance for different types of detonations. In Figure 21 we plot [X i /
56 Fe] for Models 105-150-2-50, 110-100-2-50, 105-005-2-2R50 and 105-005-2-S50. They represent the typical detonation of Type "D", "X", "Y" and "S" respectively. All of the four models have 56 Ni closest to 0.6 M ⊙ among all models we have. We observe that in general "S"-Type is the strongest that it has more isotopes with abundances closer to solar values. "X"-and "Y"-Type are the intermediate ones and "M"-Type is the weakest among the four models. The difference for IME can be as large as a factor of ∼ O(1). For Fe-peak elements, differences can be found to Ti to Cr. The "Y"-Type model tends to produce less 47−50 Ti, 50−51 V, and 64−70 Zn. The major difference between "Y"-Type and other detonation types is that there is no shock-convergence induced heating along the r-axis. This shows that 48 Ti is a sensitive indicator on how the He detonation propagates along the surface of the WD. Similar to previous cases, Fe and Ni are less sensitive to the detonation mechanism owing to the difference in production site.
6. DISCUSS AND CONCLUSION
Comparison of Models in the Literature
We have studied the two-dimensional SNe Ia model using the sub-Chandrasekhar mass WD with the C detonation induced by surface He detonation. In this work, we compared effects of different detonation structure. Here, we consider the realizability of the detonation structure and comparison with previous works in the literature.
6.1.1. Shigeyama et al. (1992) The spherical detonation is the same as the classical DD Model (Shigeyama et al. 1992 ). The model is adopted for SN1990N, which contains clear Si and Ca signatures with high velocities. The Model 105-050-2-S50 is comparable with their Model CDT5 but with two qualitative differences. In their work, the detonation is triggered by hand, assuming the He detonation on the surface has finished and sent an inward-going shock wave. Thus, there is no direct He burning considered. Second, that model assumes a direct CO detonation at the center, which comes from the assumed symmetry in the detonation wave. In our model, the He detonation is the "X"-Type detonation. They find a yield of 0.56M ⊙ and 1.3 × 10 51 erg for the 56 Ni production and total energy. Our model has a stronger detonation that we find 0.60 M ⊙ and 1.07 × 10 51 erg respectively. The spherical detonation model is one of the higher viable shapes of detonation when the convection in the He layer is weak. In that case, the layer closest to the CO boundary has always the highest and uniform temperature. The whole layer will be the first site to trigger explosive He burning. 6.1.2. Fink et al. (2007) The one-bubble model in our model can also be compared with some models in Fink et al. (2007) in the detonation structure. They consider an isothermal WD model of total mass 0.9 − 1.0 M ⊙ . They also explored different detonation pattern, including spherical, one-, two-, and five-bubble detonation structure. Their model z4.24A 2dq 256 has a similar model configuration as our Model 105-050-2-2R50.
They observe the second detonation starts at 1.08 s after the He detonation. Our model shows a very close results of 1.07 s. However, they find a yield of 0.01 56 Fe] for the series of models studying the effects of initial He detonation structure. Similar to Fig. 12 , but for Models 110-100-2-50, 110-100-2-2R50, 110-100-2-B50 and 110-100-2-S50.
M ⊙ unburned fuel, 0.40 M ⊙ 56 Ni and 0.51 M ⊙ 28 Si. Our model shows more 56 Ni production of mass 0.49 M ⊙ but a lower IME at 0.18 M ⊙ . There is more unburned 16 O of mass 0.11 M ⊙ . The differences between the two models come from the burning scheme. An instantaneous input of energy is provided in the model of detonation wave, while our scheme applies the three-step burning scheme. The burning of 16 O is suppressed when the ash temperature is not sufficiently high, especially around 10 7 g cm −3 , so that the estimated NQSE and NSE timescales become very long for all the burning to take place. For WD models where convection and turbulence are important, the fluid motion always disturbs the heat-generating He layer. As a result, local hot spot is possible to form. When temperature is close to the explosive burning of 4 He, the formation of a hot spot is likely to be the first location of He detonation.
6.1.3. Shen et al. (2018) In Shen et al. (2018) the sub-Chandrasekhar mass WD detonation model is also modeled in the framework of dynamically driven double degenerate double detonation (DDDDDD) model. In this framework, when the two WD passes by each other, the tidal force of the secondary WD triggers the C detonation of the primary WD, while the secondary WD later leaves the system without disrupting itself. The major difference of this physical picture from the other one is that the companion WD remains intact after the SN Ia, unlike the standard white dwarf violent merger. This provides a smaller total mass in the system, where the ejecta may explode more easily with a higher velocity. In that work, SN Ia model with a mass range of 0.8 -1.1 M ⊙ with a metallicity froom 0 -2 Z ⊙ and C/O mass fraction ratio from 0.3 -1 are computed in the one-dimensional limit. Here we compare one of the most similar model, the Model 100-005-1-S50, with their 1 M ⊙ , solar metallicity, C + O = 1 Model. We choose this model because the initial detonation and the C detonation are spherically symmetric, also the final 56 Ni mass is similar. We have 0.6 M ⊙ while their model has 0.53 M ⊙ .
In Figure 22 we plot the scaled mass fraction of the stable isotopes of the two models. We can see that in general the two models agree well qualitatively. Both models share the similar relative mass fractions of the same elements. Some minor elements, including P, Cl, Na and Sc are surprisingly close to each other, despite their relatively small amounts (subject to larger systematic uncertainty) and the very different treatments in the explosion scenario, initial configuration, explosion treatment, and in particular, the hydrodynamics. Major elements, Si, S, Ar, Ca, Fe, Ni and Zn are still close to each other. However, their model shows a systematic higher mass fraction for the high-Y e end isotopes, e.g. Cr, but not in our case. We note that this feature is prominent in asymmetric detonation but not in symmetric detonation. Also, their 55 Mn production is a few times higher, despite the low density matter in the star. A more detailed study of how He detonation and C detonation to be affected by the numerical treatment will be an interesting future work. 6.1.4. Polin et al. (2018) In Polin et al. (2018) the one-dimensional subChandrasekhar mass models are also calculated for a wide range of WD masses from 0.6 to 1.2 M ⊙ and He envelope masses from 0.01 to 0.08 M ⊙ using the CASTRO code. Their work studies the observational influences from the He envelope mass. It is found that two subclasses of light curves emerge. For a lighter He envelope, the light curve resembles with some features in SNe Ia, including the correlation between mass, brightness and velocity in the spectra. For a more massive He envelope, the light curve contains early UV flux and appears to be red due to iron-peak elements on the surface and later it turns blue.
Since their work does not aim for nucleosynthesis, here we only compare with their global chemical yields, in particular their models with 0.05 M ⊙ He in the envelope. Their models show a different growth rate in the M Ni as a function of M . They obtain a 56 Ni mass from ∼ 0.2, to 0.5 and then 0.8 M ⊙ 56 Ni in the 0.9, 1.0 and 1.1
On the other hand, we have 0.02, 0.6 and 0.8 M ⊙ 56 Ni respectively from our Models 090-050-2-S50, 100-050-2-S50 and 110-050-2-S50. Large differences appear at low mass models. One major reason could be the nuclear reaction at the low density for the CO-detonation. In our model, we have used a three-step nuclear burning reaction, with the timescale dependent on the local density. On the other hand, they solve the nuclear reaction directly using the 13-isotope network in the hydrodynamics. And they also use the adaptive mesh refinement for resolving the nuclear burning at small scales. Both procedures can capture in greater details how the lowdensity matter achieves complete burning, which may enhance the 56 Ni production. On the other hand, for more massive WD model, our results agree with theirs well.
Differences from spherical detonation
One theoretical uncertainty in the He detonation is that it is unclear whether the pre-explosion fluid motion is strong enough to alter the first detonation site. In the case with a strong fluid motion background, heat generated can be distributed by the eddy motion or be further enhanced by the local turbulent motion. This breaks the initial symmetry and creates some detonation bubbles. On the other hand, in the quiescent star, the whole He layer can simultaneously burn and reach the explosive temperature together. Thus, the initial detonation can preserve the symmetry. To give constraints on the initial detonation profile, we examine the scaled mass fraction again in Figure 23 for both spherical and aspherical detonation model. Both models produce very similar distribution for Fe and Ni since they are chosen to produce ∼ 0.6 M ⊙ . For lighter Fe-peak elements, differences appear. The aspherical model produces more Ti, V and Cr than the spherical one for at least one order of magnitude. In particular, the 48 Ti, 50−51 V and 52 Cr are ∼ 2 -5 times higher than solar ratio. This suggests that observations of non-aspherical detonation model can be characterized by the excess of these light Fe-peak elements.
In Figure 24 we plot the ρ max against T max for the tracer particles of the two models. It can be seen that even for the same 4 He mass and total mass. The spherical model, whose evolution contains no oblique shock and the detonation wave propagates radially outward only, provides a uniform behavior. This can be contrasted with the aspherical model, where the scattering in density and temperature is much pronounced.
Constraints on progenitor model
The double detonation model is one of the well accepted physical models due to the robustness of ini- tiating the detonation and its variability in producing the dispersion in the observed SNe Ia brightness. However, one major concern, in contrast to the nearChandrasekhar mass white dwarf, the detonation nature can produce a considerable amount of 56 Ni if the detonation is triggered early, which produces over-luminous SNe Ia which are incompatible to the majority of SNe Ia, where ∼ 0.5 -0.7 M ⊙ of 56 Ni is observed as induced by their light curves. In view of that it becomes important to understand at which condition we could obtain realizations which can resemble with the typical supernovae. This may provide constraints on the progenitor model, including the typical mass, the He envelope mass, and the initial detonation seed. In particular the position of the initial detonation seed is not yet well constrained.
To do so, we plot the 56 Ni mass against progenitor WD mass for different progenitor mass using different explosion mechanism. In Figure 25 we plot that for the double detonation models for both the spherical detonation and the aspherical one, which we choose the one bubble pat-tern along the z-axis. For the near-Chandrasekhar mass WD, we use the standard DDT model with turbulent deflagration as reported in Leung & Nomoto (2017) .
In the sub-Chandrasekhar mass WD branch, it corresponds to both single and double degenerate scenario. We remind that for the violent merger model, due to the compactness of CO core, the secondary WD is disintegrated when the He detonation starts. Thus effectively it has a structure similar to the double detonation model in the single degenerate scenario. In the Chandrasekhar mass branch, it corresponds to the near-Chandrasekhar mass models presented in Leung & Nomoto (2017) . In particular, we choose the configuration identical to the benchmark model but for different central density from 5 × 10 8 to 5 × 10 9 g cm −3 . In the sub-Chandrasekhar mass branch (0.9 -1.2 M ⊙ ), M Ni increases with M for both spherical (Model 100-050-2-S50) and aspherical (Model 110-050-2-B50) models. This is because in principle the whole star is burnt. How complete the nuclear burning depends only on the density. For lower mass WD, there are less matter with a sufficient density to reach complete burning (typically 5 × 10 7 g cm −3 ). Therefore, the 56 Ni scales almost linearly with M . On the other hand, in the Chandrasekhar mass branch, M Ni decreases with M . This is related to the more efficient electron capture in the matter burnt by deflagration, which lowers the matter electron fraction. As 56 Ni is produced in NSE while 56 Ni has an electron fraction 0.5, any electron capture in the matter will only suppress the production of 56 Ni. We note that there is an overlap between 1.2 -1.3 M ⊙ . This is because in this intermediate regime, it is unclear when the nuclear runaway takes place, as indicated in Nomoto (1982a) , whether the runaway occurs in the form of deflagration or detonation, because the pressure jump becomes close to the initial pressure. Therefore, both scenarios cannot be ruled out. By extrapolating the curves from both regions, it can be seen that the sub-Chandraskhar mass branch has a M Ni than the Chandrasekhar mass branch. Future statistics of observed SNe Ia for this pair of quantities will resolve the uncertainty here.
At last we explain the difference of M56 Ni between the spherical and aspherical models. The spherical model in general produces more 56 Ni than the aspherical model for the same M . This is because the C-detonation starts in the center for the spherical model and off-center for the aspherical one. However, most the 56 Ni is produced near the center, where the density is the highest. This means, for aspherical detonation to produce 56 Ni, it needs to overcome the density gradient and the outward motion of the white dwarf during expansion. This re- quires more time for the detonation to reach the center to burn the matter for synthesizing 56 Ni, while the white dwarf has started its expansion. As a result, the matter density burnt by aspherical detonation in general is lower, which suppresses the production of 56 Ni. Future observations of SN Ia mass and 56 Ni mass can provide further constraints on this degeneracy, and hence the asphericity of the initial He-detonation.
Influence to Galactic Chemical Evolution
The single-degenerate (Chandrasekhar mass model) versus double degenerate (sub-Chandrassekhar mass model) scenario has been a long lasting theoretical tension remains unsolved. The Chandrasekhar mass model has been favored because of its correspondence of an invariant model which can explain the similarity among observed SNe Ia. However, the shock-companion star interaction is shown to provide strong X-ray signal before the bolometric maximum of the light curves (Kasen 2010) . However, such feature is not yet well observed. This has led to the consideration of the sub-Chandrasekhar mass model as another channel to explain the origin of SNe Ia.
To compare how the sub-Chandrasekhar mass model influences the metal enrichment process we first compare the chemical yield directly. In Figure 26 we compare the chemical yield between the benchmark Models of this work, namely Model 110-100-2-50 (upper panel) and Model 100-050-2-S50 (lower panel) with the benchmark Chandrasekhar mass model. We can see that the Chandrasekhar mass model has its IME more closer to the solar value. The Ti and V productions are suppressed compared to the sub-Chandrasekhar mass model. The Fe and Ni patterns are similar for the two classes of model, except the 54 Fe and 58 Ni are more enhanced in the Chandrasekhar mass model. As remarked, the amount of Mn in the sub-Chandrasekhar mass model is very small to explain the solar value owing to the difference in electron capture. In Model 100-050-2-S50, a similar difference can be observed, except that the overproductions in Ti, V and Cr become regulated due to its less massive He envelope.
In Figure 27 we plot the evolution of X( 55 Mn)/X( 56 Fe), scaled with the solar value, as a function of metallicity Z. To contrast with the results of the sub-Chnadrasekhar mass model, we also include the benchmark Chandrasekhar mass model from Leung & Nomoto (2017) . The stellar abundance from galactic disk F and G dwarfs (Reddy et al. 2003) , cluster and field stars (Sobeck et al. 2006 ) and stars from thin discs (Feltzing et al. 2007) . are included. As expected, at Z < −1 both models do not alter the results since the time-delay of SNe Ia mutes the contribution of SNe Ia. After that, the two models deviate. The Chandrasekhar mass model, which shows a healthy electron capture, provides sufficient 55 Mn to raise the ratio close to the solar value. On the This suggests that even when sub-Chandrasekhar model can provide a variety of model, with ranges of 56 Ni to match observational results of different peak luminosity and with ranges of progenitor mass for different light curve widths. The Chandrasekhar mass model contribution to the stellar evolution remains important. The nucleosynthesis suggests that even when 55 Mn can be partially produced owing to the strong compression heating of the matter inside the star. The related mass is far from enough to explain the grow of 55 Mn especially from log 10 Z = −0.2 − 0.
For further application of our sub-Chandrasekhar SNe Ia yield in the context of GCE, we also present in Tables  9, 10 and 11 (13, 14 and 15) the mass abundance of our representative SNe Ia models filtered by M Ni and Z for M He = 0.1 (0.2 M ⊙ ) respectively. Metallicity is obviously an important factor which contributes to the explosion strength and also the production of high neutron-ratio isotopes. M He determines the minimum mass above which the C detonation can be triggered in our aspherical detonation models. M Ni is the primary indicator of the explosion strength as derived from the light curves.
It can be seen that, from the observational point of view, the sub-Chandrasekhar mass SNe Ia produce radioactive isotopes qualitatively different from the conventional Chandrasekhar mass SNe Ia. Due to the He envelope burning, α-chain elements are more pronounced. Among that, 44 Ti is produced, which has a half life of ≈ 60 years by electron capture to form dance decreases when the 56 Ni production increases. The detection of the decay of 44 Ti as a long term energy of SNe Ia remnant may give very stringent constraints on the progenitor type of SNe Ia.
Application of sub-Chandrasekhar Mass Model on Observational Data
We have shown in Leung & Nomoto (2017 ) that the Chandrasekhar mass turbulent deflagration model with delayed detonation transition can be constrained through the observational data including the late-time light curves and the spectra. The late-time light curves can give indication to the amount of minor isotopes which has a longer lifetime compared to 56 Ni with a half life 7.8 days. They include for example 56 Co and 57 Co, which have a decay lifetimes of 77.2 and 272 days respectively. The energy deposition during the decay supports the light curve being observed. Another way to study SN chemical abundance is by the spectra of SN remnant. Through a comparison of the X-ray line strengths of the radioactive elements, such as Cr, Mn, Fe and Ni, one can obtain the ratio among these elements and thus casting constraints on the explosion mechanism (See. e.g. Yamaguchi et al. (2014) ).
SN Remnant 3C 397
The first example we study is the SN remnant 3C 397 (Yamaguchi et al. 2015) . This SN remnant has a remarkable X-ray spectrum in terms of its rich neutronized material compared to other SN remnants such as Tycho and Kepler. This remnant is also shown that the Chandrasekhar mass model is one of the feasible realization of the SN Ia explosion as constrained by direct observation. In the measurement, this remnant is found to have 0.027 ± Yamaguchi et al. (2015) it is shown that by using one-dimensional models, Chandrasekhar mass model (M ≈ 1.37 M ⊙ ) with a metallicity five times to the solar metallicity is shown to produce the closet abundance ratio. In we reported similar discovery based on a series of two-dimensional models of turbulent deflagration model with delayed detonation transition. Here we shall examine our models to see in the sub-Chandrasekhar mass domain what kind of model is needed to explain such peculiar SN remnant.
In Figure 28 we plot Mn/Fe against Ni/Fe for our sub-Chandrasekhar mass models with the observational data from the SN remnant. The SN Ia models of M = 0.9 -1.2 M ⊙ are included with a He envelope of M He = 0.1 − 0.2 M ⊙ . We pick Z = 0 to 5 Z ⊙ as done in . It can be seen that in general when metallicity increases, Mn/Fe increases with Ni/Fe. However, when the total mass M increases, the whole shifted downward, showing that the Mn/Fe ratio drops but no significant change in Ni/Fe observed. This is because when the mass increases, the central density of the initial model increases, therefore, the C detonation becomes more energetic which can unbind the star more quickly. As a result, more 56 Ni is produced which suppresses the ratio.
The model with a more massive He envelope has a lower [Mn/Fe] in general because of the higher 56 Ni as part of it can be produced in the envelope. This relation is uniform for almost all models except for Z = 5 Z ⊙ at M = 1.2 M ⊙ . The two models show a rapid jump in the [Mn/Fe] ratio. This is because at high density, electron density becomes important. The C detonation, which can release adequate energy to burn the core matter into NSE, which followed by electron capture before the matter cools down by adiabatic expansion. Certainly, the typical electron capture rate in the subChandrasekhar mass model is considerably lower than those in typical Chandrasekhar mass models. The lowered electron fraction in the core matter, when in NSE, will be more favourable to produce 55 Mn, which has a proton ratio of 0.454. The data point of 3C 397 is included. It can be seen that the data point lies very far from the other lines. This is consistent with the conclusion in Yamaguchi et al. (2015) that the single degenerate Chandasekhar mass SN Ia channel is more likely to explain this peculiar SN Ia. Our models show that the 55 Mn production is in general too low that even with a rather small 56 Ni production at the end of simulation, the resultant [Mn/Fe] ratio remains insufficient to explain. The closest model is the M = 0.9 M ⊙ at Z = 5 Z ⊙ . Our result is comparable with theirs.
One may note that this object has raised interest in the literature owing to its predicted high metallicity and different proposals are raised in order to recover the high [Mn/Fe] ratio without invoking the high metallicity. For example, in Shen et al. (2018) the sub-Chandrasekhar mass SNe Ia in the spherical approximation is revisited. The high [Mn/Fe] is shown to be viable if one consider a subset of ejecta, namely by taking the effects of reverse shock heating into account. Another attempt is done in Dave et al. (2017) . The gravitational confined detonation model is explored with extension to pure turbulent deflagration with or without delayed detonation transition for the Chandrasekhar mass model. It is shown that a combination of high central density, low [C/O] ratio and a high offset of initial deflagration can provide an alternative to this observation. These trends are consistent with our previous finding as reported in .
SN 2012cg
The next application is on SN 2012cg. This SN exploded at 2012 May 17 (UT) in the nearby spiral galaxy NGC 4424, which is measured in the Lick Observatory Supernova Search Kandrashoff et al. (2012) . The Type Ia nature is revealed in the spectral study found in Cenko et al. (2012) ; Marion et al. (2012) . This SN Ia is close enough that the late-time light curve after ∼ 1000 days can still be measured. The low-density ejecta becomes transparent to most γ-ray so that the γ-ray emitted during decay can escape freely from the ejecta without significant heating. On the other hand, the emitted e − is completely absorbed by the surrounding matter. This means one can trace its amount through its decay as a heat source in the light curve. In particular, the channels 56 Co → 56 Ni (half life ≈ 113 days) and 57 Ni →
57
Co (half life ≈ 272 days) can be readily measured. In Graur et al. (2016) , the B-band light curve of SN 2012cg is revisited at 900 days after the B-band maximum. It is shown that this SN Ia has a high 57 Ni/ 56 Ni ratio at 0.043± +0.012 −0.011 , which is twice to the corresponding solar ratio.
In Figure 29 we plot similar to Figure 28 but for 57 Ni against 56 Ni for the same series of models and with this said SN Ia. For models with an increasing metallcity, 57 Ni production increases while 56 Ni mildly decreases. This is because the initial electron fraction, as metallicity increases, deviates from the value 0.5, which most favours the production of 56 Ni in NSE. On the other hand, the lowered electron fraction enhances production of 57 Ni. Models with a thicker He envelope has higher 56 Ni and 57 Ni compared to models with the same mass but lower M He . Similarly, for models with an increasing M , the 56 Ni and 57 Ni productions are enhanced as a result of higher central density, which allows more matter to be burnt to NSE for getting Fe-peak elements.
Then, we compare our results with this SN Ia. The data point of SN 2012cg is included. It can be seen that this SN has a rather high 56−57 Ni as a healthy explosion. In our models, the high mass models M = 1.2 M ⊙ with high metallicity from 3 − 5 Z ⊙ are more likely to explain this data point. This is consistent with our previous work (Leung & Nomoto 2017 ) that a high metallcity model from 1 − 5 Z ⊙ with a central density from 5 × 10 8 -1 × 10 9 g cm −3 may fit this observational data the best. However, compared to our Chandrasekhar mass model, the sub-Chandrasekhar mass models can only fit to the lower range of this data point. The trend derived here shows that the estimation from analytic formula as done in Graur et al. (2016) that the Chandrasekhar mass model is more preferred for this high 57 Ni abundance. However, we also emphasized that the sub-Chandrasekhar mass model is not excluded by this SN Ia as a physical picture. To further clarify its origin, future spectral study in the remnant, similar to the SNR 3C 397 will be necessary. The third example comes from the well observed SN 2011fe. This recent SN exploded at 2011 August 24 in a rather proximate Pinwheel galaxy (Nugent et al. 2011) , which situated at 6.4 Mpc away (Shappee & Stanek 2011) . The close distance of this SN Ia has attracted intensive study in different bandwidth (See Shappee et al. (2017) for the references therein) and spectral study. This also allows detection of light curves beyond ∼ 1000 days. This provides more abundance constraints compared to the previous SN 2012cg. This Figure 30 we plot similar to Figure 29 but for the ratio 55 Fe/ 57 Co against 57 Co/ 56 Ni for our subChandrasekhar mass models and the observational data SN 2011fe. Our models show a less uniform variations with increasing metallicity in the sub-Chandraskhar mass range. The variation is non-uniform at low metallicity (0 -1 Z). On the other hand, 55 Fe/ 57 Co increases with metallicity, showing that the abundance of 55 Fe is more sensitive to metallicity. This is expected, as shown in Figure 28 the metallicity still plays an important role in the formation of stable Mn, which comes from the decay of 55 Fe. The models tend to have a lower ratio when the He envelope becomes thicker. Also, when the total mass increases, the ratio is also suppressed. This is because the growth of 57 Ni, which is very sensitive to the size of zone being burnt into NSE, is faster than 55 Fe. The much faster growth of 55 Fe/ 57 Co for the model M = 1.2 M ⊙ and Z = 5 Z ⊙ is again related to the enhancement of electron capture in the NSE region. The observational data point fits our model much better than the previous two models. It can be seen that a wide range of parameters can be used to explain this SN Ia. SN Ia models from M = 1.0 − 1.2 M ⊙ and a low metallicity Z = 0 − 1 Z ⊙ are adequate to fit in this observational data. This is also consistent with our previous work (Leung & Nomoto 2017 ) that a low central density from 5 × 10 8 − 7.5 × 10 8 g cm −3 with a metallicity 0 − 1 Z ⊙ can explain this data point using the turbulent deflagration model with DDT.
Recent late time study of the light curve in the optical band has also revealed the 57 Ni/ 56 Ni ratio of this SN Ia. By measuring the shift of late time light curve after most 56 Ni has decayed, the decay of 57 Ni → 57 Co can be another important radioactive source. In Dimitriadis et al. (2017) , the pseudo-bolometric light curve is produced by combining data of the optical and near-IR bandwidth in the literature from 200 to 1600 days after explosion. It is shown that this supernova, albeit with significant systematic uncertainties, 57 Co/ 56 Co = 0.031 ± 0.011. In Figure 29 we also plot this data point with our model sequences. The prediction of WD progenitor using the explosion product has been discussed for SN 2012cg in the previous section. Here we further apply this technique for SN 2011fe. The WD sequence with a mass ≈ 1.0 M ⊙ with a He envelope ≈ 0.1 M ⊙ can explain the observed 57 Ni/ 56 Ni ratio. The data point can be the best explained by the model with ∼ Z ⊙ .
We remark that, from the first sight the SN 2011fe is very well explained by the sub-Chandrasekhar mass model, in fact, in Leung & Nomoto (2017) we demonstrate that this SN Ia can also be explained by the Chandrasekhar mass model in the high central density (high mass) limit with a metallicity close to Z ⊙ in the centrally ignited model. This suggested that to further constrain the progenitor, future follow-up observations will be needed to clarify for the other isotopes or elements, similar to the analysis done for the SNR 3C 397.
SN 2014J
The fourth application of our models to the SN Ia observation is the candidate SN 2014J. This is an extremely well observed SN Ia owing to its vicinity. This SN Ia is observed from very early time since its rising light curve (Goobar et al. 2014) . The multi-frequency light curve and spectra are observed ranging from the infrared spectra (Telesco et al. 2015) , optical photometry and spectrography (Ashall et al. 2014) , ultraviolet (Foley et al. 2014; Brown et al. 2015) , to gamma-ray light curve and spectra (Diehl et al. 2015a,b; Isern et al. 2016 ). This supernova is interesting for its peculiar gamma ray signals. It has an early gamma ray signal coming from the decay of 56 Ni at about 20 days after explosion, which is 10 days in advance of typical SNe Ia (Diehl et al. 2015a ). The follow-up observation in its time-domain variations shows that it has a non-monotonic variation in the 56 Co-decay gamma ray line. The Doppler shift analysis further shows the highly fluctuating Co-decay line frequency (Diehl et al. 2015b) . Such features are argued to be originated from the He detonation and asymmetry in the detonation. The current work on the asymmetry double detonation model appears to well match with this SN. In fact, the missing of specific H and O lines (Lundqvist et al. 2015) has suggested that the progenitor comes from a double degenerate scenario.
Here we try to constrain its progenitor from some of its observable by its 57 Ni/ 5 6Ni mass fraction ratio. This ratio has been applied to other SNe Ia including the previous SN 2011fe and SN 2012cg. The late time flattening of the late curve in the optical band is analysed, from 277 days to 1181 days after explosion. From the analysis of the late time light curve (Yang et al. 2018) , the mass ratio of 57 Co/ 56 Co = 0.066 ± 0.009 0.008 . The ratio is even higher than SN 2012cg. By using the 56 Ni derived from gamma ray (Isern et al. 2016) , where 56 Ni = 0.49 ± 0.09, we plot in Figure 29 the data point of SN 2014J.
From the figure we observe that the sub-Chandrasekhar mass model can capable of reaching the high Ni-isotope ratio at the high metallicity end. Two of the model sequences can approach this observed data point, namely when M = 1.1 M ⊙ with M He = 0.10 M ⊙ and M = 1.0 M ⊙ with M He = 0.20 M ⊙ . Both sequence require Z ≈ 5Z ⊙ to reach the high mass fraction ratio. Again, the more massive He envelope is capable of producing the required 56 Ni, however such early surface 56 Ni can be very different from that produced through standard Chandrasekhar mass WD. In the latter case, the 56 Ni is mostly produced by C detonation after deflagrationdetonation transition. But it is always covered by another layer of IME when the detonation reaches the surface. As a result, the 56 Ni-decay is not directly visible, but can be seen as a heat source in the light curve. On the other hand, for the He envelope, there is almost no shielding for the synthesized 56 Ni, therefore it is expected that the early gamma-ray signal can be very different.
Conclusion
In this article we studied the conditions and the hydrodynamics of sub-Chandrasekhar mass Type-Ia supernovae where the C detonation is triggered by surface He detonation, with a symmetric or an asymmetric initial He detonation structure. This corresponds to both the single degenerate and the double degenerate scenarios.
We first studied the sensitivity of C detonation towards different He detonation. The He burning is highly sensitive to temperature, due to the unresolved inner fluid motion of the He shell before nuclear runaway, it is unclear how the first detonation looks like. To confront with this uncertainty, we first how the C detonation trigger depends on the initial He detonation. We considered four possible scenarios, a one-bubble structure, a one-ring structure, a bubble-and-ring structure and a spherical structure. We find that whether C detonation is triggered is strongly sensitive to the He detonation pattern. He detonation with higher symmetry (one-ring and spherical structures) can result in geometric convergence, which can very robustly heat up the C fuel to the ignition temperature for the subsequent temperature.
Then we carry out a parameter survey on the nucleosynthesis for the sub-Chandrasekhar white dwarf models with different model parameters. We carry out twodimensional hydrodynamics simulations using our own supernova simulation code following the onset of He detonation until all detonation quenches by expansion. The following parameters are studied, including the metallicity, He envelope mass, total mass, the initial He detonation and the initial C/O mass fraction ratio are studied. We also provide corresponding yield tables for the applications of galactic chemical evolution.
We have also compared our results with previous ones in the literature that we can reproduce similar thermodynamics trajectories and nucleosynthesis for models with a similar setting. We have also compared our two-dimensional models with the classical spherical double detonation model and we show that the chemical signature due to asphericity is very different. We also examined how our typical model can contribute to the galactic chemical evolution using the one-zone model. However, the Mn insufficiency is not yet resolved for the sub-Chandrasekhar mass model. At last we apply our models to provide constrain some well-observed SNe Ia, including the SN 2012cg, SN 2011fe, SN 2014J and SN Ia remnant 3C 397. The probable progenitor configurations are implied based on the derived chemical abundance of some Fe-peak isotopes. In Section 2 we mentioned that simplified schemes for C and He detonation are used. In this section, we describe in more details how they are implemented. Unlike C detonation, He detonation in the sub-Chandrasekhar mass WD scenario, occurs at a much lower density (∼ 10 4 − 10 7 g cm −3 in the He envelope). The low density, as well as the non-degenerate property of the electron gas, lead to a lower final temperature, after all He is burnt. As a result, it becomes important to estimate more precisely how much He is burnt in the reaction zone and in the post-reaction zone. In particular, we are interested to know how He is burnt as a function of time, which is used to calibrate the amount of energy released by the detonation.
We calculate the detonation structure following the numerical scheme described in Sharpe (1999) . Here we give a brief summary about this method. In general, detonation consists of three sections, the pre-shock region, the reaction zone and the post-reaction region. We assume at every point inside the detonation wave, thermodynamics equilibrium is maintained, such that the specific internal energy ǫ, pressure p are related by the thermodynamics input including the density ρ, temperature T and the number fraction of each isotope Y i (i = 1, N ) in a network with N isotopes. Therefore,
The steady state Euler equation can be written as
where
is the sonic parameter,
is the sound speed of constant composition (also known as frozen sound speed in the literature of detonation),
is the thermicity constant, such that σ · R is the thermicity. In integrating this set of differential equations, we use the boundary conditions at x = 0, ρ = ρ i , T = T i ; at x → ∞, ρ = ρ f , T = T f and Y = Y f with thermicity = 0. Notice that ρ i , T i and Y i are the quantities after shock. They are related to the pre-shock quantities (ρ 0 , T 0 , Y 0 ) by
In Figure 31 , we plot the density, temperature and chemical isotope profiles for a detonation wave at a density 10 6 g cm −3 . To trigger the first incineration, the matter is assumed to be shock heated to a temperature ∼ 2 × 10 9 K. Before 10 −4 s. the temperature does not rise considerately. Also, there is only very subtle drop in the density. There is also a slow change in the chemical composition from 4 He to 12 C. At ∼ 10 −4 s, the temperature rise drastically from 2 × 10 9 K to 3 × 10 9 K. The density also drops by ∼ 30 %. We can see a isotopes from 12 C, 40 Ca, 48 Ti and 52 Fe burst out one by one around 10 −4 s. This means that even at low temperature, the α-chain reaction can proceed efficiently, once the triple α reactions has provided the first fuel for the subsequent reactions. Beyond 4 × 10 −4 s, the productions of other isotopes are suppressed again, except 56 Ni. At that time, 4 He is stably burnt into 56 Ni, causing the temperature (density) to grow (drop) to its equilibrium value. At ∼ 1 s, the temperature and density reaches its equilibrium at 3.6 × 10 9 K and 4.6 × 10 6 g cm −3 . In Figure 32 , we plot the temperature, density and isotope abundances for pure He fuel at an initial density of 10 7 g cm −3 . Due to a high density, nuclear reactions can take place spontaneously. In the first 10 −4 s, temperature increases quickly from 3 × 10 9 K to 6 × 10 9 K. while the density drops from 4 × 10 7 g cm −3 to lower than 10 7 g cm −3 . The initial peaks for various isotopes except 56 Ni can be found at the first 10 −6 s, while the conversion of 4 He to 56 Ni can be found at the first 10 −4 s. After that, the temperature and density start to converge to their asymptotic values at ∼ 5.5 × 10 9 K and 1.4 × 10 7 g cm −3 . At the same time, the temperature is sufficiently high that NSE emerges. 52 Fe, 40 Ca, 48 Cr, 36 Ar, 32 S form one by one and reach their equilibrium value at ∼ 0.1 s. By comparing the two sets of results, we can see that in the density range related to the sub-Chandrasekhar mass double detonation models, the time necessary for He to completely release its energy into the system takes a time at least two orders of magnitude (In the simulations we find the typical time steps has a size ∼ 10 −4 − 10 −3 s, depending on the global velocity distribution). Therefore, especially for the He near the surface, once they are burnt they expand drastically, making their local density much lower than those underneath. As a result, their energy release process is incomplete. To mimic this effect, we use a density dependent time scale τ He (ρ) which is calibrated by the detonation waves as demonstrated above. The time scale corresponds to the time when 90 % of energy is released with respect to its equilibrium value. In the simulations, when the current time step ∆t > τ He , complete burning is assumed. Otherwise, only the fraction of matter ∆t/τ He is assumed to release its energy. In particular, we use the relation τ He = 1.72 × 10
Certainly a self consistent way, which is to calculate the network directly, can provide us the most accurate results regarding to the process of partial burning. However, such inclusion is beyond the current capability of our computing resource. Furthermore, in the hydrodynamics, acoustic waves are found everywhere inside the star. These waves cause fluctuations in the local temperature. These fluctuations increase the computation time significantly when a complete network is used, since the nuclear composition always adjusts itself to the local temperature, where at high temperature the typical time step is small.
B. EFFECTS OF SYMMETRY BOUNDARY
In this work we have carried out simulations of sub-Chandrasekhar SNe Ia in a qunadrant of sphere. This uses a reflective boundary along the symmetry plane z = 0. As a result, the initial He detonation configuration, namely a one-bubble structure corresponds to two synchronous ignition of He detonation, one at the "north"-pole and one at the "south"-pole. It is unclear, prior to the runaway of He, how the velocity field, especially the turbulent velocity motion, may perturb the initial ignition of He. Certainly it is more likely for two He detonation bubbles to have asynchronous ignition time, or even there is only one ignition before C detonation is triggered. Therefore, it is unclear whether the C detonation can still be robustly triggered when there is a time-lapse between the two He detonation bubbles.
To do the comparison, we develop a temporary extension of our hydrodynamics code to model the hemisphere of the WD by relaxing the reflection symmetry. We place one He bubble at the "north"-pole, while another one at the Figure 31 . (left) The density evolution of He during detonation for pure He fuel at a density 10 6 g cm −3 . The matter is assumed to be shock-heated to above 2 × 10 9 K. (middle) The temperature evolution of the detonation wave at an initial density 10 6 g cm −3 . (right) The isotope evolution of the detonation wave at an initial density 10 6 g cm The density evolution of He during detonation for pure He fuel at a density 10 7 g cm −3 . The matter is assumed to be shock-heated to above 2 × 10 9 K. (middle) The temperature evolution of the detonation wave at an initial density 10 7 g cm −3 . (right) The isotope evolution of the detonation wave at an initial density 10 7 g cm −3 Table 3 . The models for the study of reflection symmetry effects in the sub-Chandrasekhar SNe Ia. Delay time is the difference between the two He detonation bubble in the unit of s. "C-det?" corresponds to whether C detonation can be triggered or not. If yes, ρ C−det and T C−det are the density and temperature of the triggered grid in units of 10 7 g cm −3 and 10 9 K respectively. t C−det is the ignition time in units of s. Position is the coordinate in units of km.
Model
Delay time C-det? "south"-pole with some time delay. In Table 3 we tabulate the configuration and initial detonation properties of our test models. It can be seen that the all the cases give a positive response to the He detonation, regardless there is one or two He bubbles and their delay time. This suggests that as long as the He envelope has exceeded the marginal thickness then the shock compression, either by shock-shock collision or by shock-wall collision can create similar heating to the surface matter of the CO core. We carry out 5 hydrodynamics simulations to extract the effects of reflection symmetry. Test-QS corresponds to the model with reflection symmetry, where we choose the same configuration as the Benchmark Model 110-100-2-50. This means the Model Test-QS is exactly the benchmark model. Models Test-HS-0 -Test-HS-4 do not assume reflection symmetry and has a He ignition delay time from 0 -1 s. Model Test-HS-0 acts as a control test to see if the hemisphere extension is consistent with a quadrant sphere modeling; while in Model Test-HS-3 we delay the second ignition so long such that the C detonation is triggered. From Table 3 , when the delay time becomes larger, the position of the C detonation moves away from the "equator", since the upper He bubble has more time to propagate before the shock collision. However, no significant change in the trigger density and temperature is observed, showing that the trigger of C detonation does not depend strongly on the minor details of the He detonation.
In Figure 33 we plot the temperature colour plots with the He and C detonation structure at 0.5 s, at the trigger of C detonation and 0.2 s after the trigger of C detonation respectively for the Model Test-HS0. The detonation structure of both He and C demonstrate high degree of symmetry throughout the simulation. The detonation occurs at equator around the surface of CO core. The reflected shock leads to a clear distinction between the pre-heated region and post-heated region. From Table 3 , it can be seen that when the two He detonation are placed explicitly, the C detonation is triggered along the "equator" of the WD at the same time as Model Test-QS. However, slight differences in density and temperature appear between the grid positions in the quadrant of sphere and hemisphere are different that in the Test-QS no grid is placed on the reflection plane while explicit grid is put on the reflection place in the Model Test-HS-0. As a result, it allows an explicit compression of matter on the equator when the two shocks merge.
In Figure 34 we plot similar to Figure 33 but for Model Test-HS-1. Due to the delayed He detonation, the area swept by the upper He detonation wave has a larger volume than the lower one. As a result, the collision point is lower. Despite that, the collision point remains to be the hottest point which can trigger C detonation. Due to the assymetric expansion of the star, the detonation in the CO core has more features compared to the previous case.
In Figure 35 we plot similar to Figure 33 but for Model Test-HS-2. The further delayed second He detonation bubble allows the collision to occur at an even lower position. The newly formed C detonation can propagate as in previous cases. The shock reflection in the He envelope can be clearly seen.
In Figure 36 we plot similar to Figure 33 but for Model Test-HS-3. We delayed putting in the second detonation so long that the C detonation has been triggered beforehand. In this case, it is identical to the one-bubble scenario where the shock convergence at the "south"-pole of the He envelope creates the desired shock compression and penetration into the CO core, which heats up sufficiently the fuel for spontaneous runaway. The geometrical convergence around the "south"-pole allows the shock to be strengthened with an increasing post-shock temperature when it approaches the rotation-axis. The temperature is already adequately high to trigger the C detonation before the He shock collides with the axis. The triggered C detonation can then propagate inside the CO core.
From all these four cases it suffices to demonstrate that the C detonation can be ignited by He detonation, the reflection symmetry of the z = 0 plane can provide the necessary shock collision for shock compressing the fuel in order to raise its temperature for spontaneous nuclear runaway. Even without the symmetry plane, we demonstrated that the collision of He detonation, regardless of their ignition time, will provide also the necessary shock heating on the CO core surface. We also presented in the one-bubble limit, i.e. the delay time much greater than the C detonation time, the geometric convergence in the models can also provide the required shock compression. This suggests that as long as the He envelope mass is thick enough for triggering C detonation naturally, the configuration of He detonation plays a less important role for the detonation structure. Since in these tests we only aim at showing the robustness of triggering the C detonation with or without reflection symmetry, the complete nucleosythesis and the effects of shock collision on the nuclear burning will be left as future work. However, it remains unclear whether the WD can be represented comprehensively by a sphere in hydrostatic equilibrium prior to its runaway. The effects of a non-static atmosphere, as a result of He burning before its runaway, will be an interesting future work to further test the robustness of the C detonation mechanism by bubbles. Table 36 . 1.34 × 10 
